We calculate the spatial correlation function and momentum distribution of a phase-fluctuating, elongated three-dimensional condensate in a trap and in free expansion. We take the inhomogeneous density profile into account via a local-density approximation. We find an almost Lorentzian momentum distribution, in stark contrast with a Heisenberg-limited Thomas-Fermi condensate. DOI: 10.1103/PhysRevA.67.051602 PACS number͑s͒: 03.75.Hh, 05.30.Jp Low-dimensional, degenerate Bose gases are expected to have significantly different coherence properties than their three-dimensional ͑3D͒ counterparts. In one-dimensional ͑1D͒ uniform systems, no true condensate can exist at any temperature T because of a large population of low-lying states that destroys the phase coherence ͑see Ref. ͓1͔ and references therein͒. For a trapped gas, the situation is different-the finite size of the sample naturally introduces a low-momentum cutoff, and at sufficiently low temperature, TӶT , a phase coherent sample can exist ͓1͔. Above T , the degenerate cloud is a so-called quasicondensate-the density has the same smooth profile as a true condensate, but the phase fluctuates in space and time. As shown in Ref. ͓2͔, this analysis holds also for 3D condensates in elongated traps even if, strictly speaking, radial motion is not frozen. Such 3D, phase-fluctuating condensates have been recently observed experimentally in equilibrium ͓3͔ and nonequilibrium ͓4͔ samples.
Low-dimensional, degenerate Bose gases are expected to have significantly different coherence properties than their three-dimensional ͑3D͒ counterparts. In one-dimensional ͑1D͒ uniform systems, no true condensate can exist at any temperature T because of a large population of low-lying states that destroys the phase coherence ͑see Ref. ͓1͔ and references therein͒. For a trapped gas, the situation is different-the finite size of the sample naturally introduces a low-momentum cutoff, and at sufficiently low temperature, TӶT , a phase coherent sample can exist ͓1͔. Above T , the degenerate cloud is a so-called quasicondensate-the density has the same smooth profile as a true condensate, but the phase fluctuates in space and time. As shown in Ref. ͓2͔ , this analysis holds also for 3D condensates in elongated traps even if, strictly speaking, radial motion is not frozen. Such 3D, phase-fluctuating condensates have been recently observed experimentally in equilibrium ͓3͔ and nonequilibrium ͓4͔ samples.
Phase fluctuations of the condensate are caused mainly by long-wavelength ͑or low-energy͒ collective excitations ͓1,2,5͔. In elongated traps, the lowest-energy modes are 1D excitations along the long axis of the trap ͓6͔. Furthermore, in the long-wavelength limit, density fluctuations are small and can be neglected for the calculation of the correlation function ͓1,7͔. Then, the single-particle density matrix is, assuming cylindrical symmetry,
We have introduced ⌬ 2 (Z,s)ϭ͓͗(z)Ϫ(zЈ)͔ 2 ͘, the variance of the phase difference between two points z,zЈ on the axis of the trap, with mean coordinate Zϭ(zϩzЈ)/2 and relative distance sϭzϪzЈ, and the overlap function ϭͱn 0 (,z)n 0 (,zЈ), where n 0 is the ͑quasi͒condensate density. The variance ⌬ 2 (Z,s), the key quantity to characterize the spatial fluctuations of the phase of the condensate, has been calculated in Ref. ͓2͔ , and an analytical form has been given, which is valid near the center of the trap ͑i.e., for Z,sӶL, with L the condensate half length͒. The first goal of this paper is to find an analytical approximation for the variance ⌬ 2 (Z,s) valid across the whole sample. This is motivated by the fact that experiments with quasicondensates ͓15,16͔ are quite sensitive to the inhomogeneity of the sample. In position space, interferometry ͓10,11͔ gives access to the spatial correlation function C
(1) (s) ͑see, e.g., Ref. ͓12͔͒
Equivalently, one can measure the axial ͑i.e., integrated over transverse momenta͒ momentum distribution P(p z ), which is the Fourier transform of C (1) (s) ͓12,13,14͔:
A powerful tool to measure P( p z ) is Bragg spectroscopy with large momentum transfer, as demonstrated in Ref.
͓14͔ for a 3D condensate, and recently applied in our group to perform the momentum spectroscopy of a quasicondensate ͓15͔. It is clear that both C (1) and P are sensitive to the inhomogeneity of the system. Our second goal is to obtain explicit expressions for these two important quantities. This paper is organized as follows. First, we summarize the results of Ref. ͓2͔, and give an energetic interpretation of T . Next, we discuss in detail a local-density approach ͑LDA͒ to compute the variance of the phase for any mean position in the trap. This approximation is found to be accurate for Tу8T , when applied to a trapped condensate. Using the LDA, we then address the problem of a phasefluctuating condensate in free expansion. In particular, we point out that at a higher temperature, the phase fluctuations dominate over the mean-field release velocity and govern the shape of the momentum distribution.
We consider N 0 condensed atoms, trapped in a cylindrically symmetric harmonic trap, with an aspect ratio ϭ z / Ќ Ӷ1. If ӷ͕ប Ќ ,ប z ͖, the condensate is in the 3D Thomas-Fermi ͑TF͒ regime ͓16͔. The density has the well-known inverted parabola form: n 0 (r)ϭn 0m (1Ϫ 2 Ϫz 2 ), with the peak density n 0m ϭ/g related to the chemical potential . From now on, we will use the reduced coordinates ϭ/R and zϭz/L, with R 2 ϭ2/M Ќ 2 and L 2 ϭ2/M z 2 , respectively. As shown in Ref. ͓1͔, the phase fluctuations in trapped gases are mostly associated with thermally excited, lowenergy quasiparticles ͑the quantum fluctuations are negligible͒. Under these conditions, the variance ⌬
where the sum extends over the 1D axial excitations, with energy ប j and occupation number N j Ϸk B T/ប j for N j ӷ1. For a 3D condensate in an elongated trap, the amplitude j is proportional to a Jacobi polynomial P j (1,1) , and j ϭ z ͱj( jϩ3)/2 ͓6͔ for integer j. The explicit result for the variance is then ͓2͔
2 /32k B , the phase profile is almost flat, and the single-particle density matrix ͑1͒ is limited by the overlap function ; therefore the characteristic width of C
(1) ͑i.e., the coherence length͒ is of the order of L. On the other hand, if TӷT the variance ⌬ 2 dominates the behavior of C (1) , and the coherence length is substantially smaller than L. Near the center of the trap (Z ,sӶ1), Petrov et al. ͓2͔ have derived the simple law ⌬ 2 (Z ,s)Ϸ(T/T )͉s͉ and introduced the characteristic phase-coherence length L ϭLT /T which depends implicitly on the temperature, on the number of condensed atoms, and on the trapping geometry.
We can understand this expression for L from energetic considerations. A random-phase gradient of the condensate wave function, on a length scale L , requires an average kinetic energy E ϳN 0 ប 2 /M L 2 . This kinetic energy is supplied by the thermal excitations that drive the fluctuations of the phase ͓5͔. As these excitations are quasiclassical (N k ӷ1), this energy is of order k B T times the number of relevant modes. In 1D k space, the distribution of the relevant excitations extends over ϳ1/L , and the spacing between modes is ϳ1/L because of the finite size of the system-this gives L/L relevant modes. By equating the two expressions for E , we recover finally L ϳLN 0 (ប z ) 2 /k B T. As indicated earlier, it is important to take the full spatial dependence of ⌬ 2 (Z ,s) into account for quantitative comparison with experiments. In any case, Eq. ͑5͒ can be evaluated numerically. However, we gain physical insight with an analytical approach based on the LDA, also used in Ref. ͓3͔ to calculate the evolution of the density in time of flight. This approximation considers that the condensate is locally equivalent to a homogeneous medium, however, with a slowly varying density that depends on the trapping potential. If TӷT , the coherence length is sufficiently small compared to L, so that the LDA is valid for the calculation of correlation properties.
The first step is to consider a finite cylinder of length 2L, with radial harmonic trapping and periodic boundary conditions along z ͑and therefore homogeneous axial density͒. For this geometry, we find in the TF regime n 0 (r)ϭn 0m (1 Ϫ 2 ) for the condensate wave function. The low-lying excitations are found using standard Bogoliubov theory ͓5͔ after averaging over the transverse degrees of freedom ͓6͔. The Bogoliubov spectrum for the excitation frequencies is k
Ϸc 1D k for small k, with the free particle energy ប k ϭប 2 k 2 /2M and the 1D speed of sound c 1D ϭͱ/2M ͓17͔. The Fourier component for phase fluctuations with wave vector k is
where the final expression holds for low-lying phonon states (k→0), and Vϭ2n 0m R 2 L. In a second step, we take into account the trapping potential by the substitution
This implies directly the following replacements:
speed of sound:
radius:
half length:
With these substitutions, we recover the 3D TF density profile. We require that the excitation frequency c 1D k is not modified as well, which implies replacing k with k(1 Ϫz 2 ) Ϫ1/2 and using a density of states
dk. For the position-dependent variance of the phase, we find ͓18͔
The Z -dependent phase-coherence length L (1ϪZ 2 ) 2 , appearing in Eq. ͑9͒, can be substantially smaller near the edges of the trap than in the center. We will see that this reduces the average coherence length below its value at the center of the trap.
We deduce from Eqs. ͑1͒, ͑2͒, and ͑9͒ the correlation function
In deriving Eq. ͑10͒, we have used the approximation for the overlap function (,Z,s)Ϸ(1Ϫ 2 Ϫz 2 Ϫs 2 /4), which is valid near the center of the trap. In Fig. 1 , we compare the result ͑10͒ to the correlation function following from the numerical integration of Eq. ͑5͒. In the Tϭ0 limit, the correlation function is limited by the overlap . Because of the RAPID COMMUNICATIONS approximate form of , our result C trap,Tϭ0
(1)
2 ͔ 5/2 is about 25% too broad, and one should rather use the Gaussian approximation to C
(1) , derived in Ref.
͓13͔. As T increases, C
(1) turns to an exponential-like function, and our approximation approaches the numerical calculation. For TϾ8T , the LDA result is very close to the numerical one ͑maximum error Ϸ3%). For TӷT , Eq. ͑10͒ can be further simplified by keeping the s-dependent term only in the exponential. The Fourier transform then gives the momentum distribution
where p ϭប/L is a typical momentum associated with the phase fluctuations. This function is self-similar in p z /p , and approximated to better than 4% by a normalized Lorentzian with a half-width at half maximum ͑HWHM͒ of ⌬p ϭ0.67p . This Lorentzian shape of the momentum distribution differs qualitatively from the fully coherent case, where it is almost Gaussian and limited by the Heisenberg principle ͓14͔. The increase of the phase fluctuations with increasing T not only broadens the momentum distribution, but also induces the appearance of ''wings,'' which form the ''highenergy tail'' of the quasicondensate. To quantify the accuracy of our approximation, we have calculated numerically the Fourier transform of the correlation function. We find empirically that the HWHM is accounted for by the formula ⌬ p
The first term corresponds to the Heisenberg-limited momentum width, and the second to the phase fluctuations. For Tу8T , the height and width agree to better than 4% with the Lorentzian approximation. For lower T, the overlap function still affects the momentum distribution.
Note finally that the momentum distribution is Lorentzian only in the domain kӶR Ϫ1 . Outside this region, the 3D nature of the excitations should be taken into account properly.
However, this does not affect the quasicondensate peak we are investigating here, but only the much smoother thermal background ͓13,14͔.
The results of the above paragraphs are valid for an equilibrium situation. However, coherence measurements involving Bragg scattering ͓10,14͔ suffer from two major difficulties in a very elongated trap ͓15͔: mean-field broadening of the resonance ͓14͔ and elastic scattering from the recoiling atoms and the condensate towards initially empty modes ͓19͔. Both of these problems can be solved by opening the trap abruptly, and allowing the Bose-Einstein condensates to expand to decrease its density before measurement. In the remainder of this paper, we discuss how expansion modifies the momentum distribution and the correlation function, assuming that the expansion time is chosen to be long enough to neglect the collisions.
For a pure elongated condensate, abruptly released from the trap at tϭ0, the explicit solution was found in Ref. ͓20͔ . The condensate density keeps its initial Thomas-Fermi shape, with the coordinates rescaled. The ͑small͒ axial momentum from the released mean-field energy is linear in position: p z Ϸ p exp z, with p exp ϭ(/ͱ2)M c S for ϭ Ќ tӷ1, and c S ϭͱ/M is the 3D speed of sound. The axial momentum distribution mirrors the ͑integrated͒ density distribution:
͑12͒
This expression holds for a pure condensate, at Tϭ0, as indicated. For a phase-fluctuating condensate at finite T, it is necessary to consider the time evolution of the fluctuations as well. As shown in Ref. ͓3͔, the momentum distribution partially converts into density modulations after time of flight. An explicit solution was derived for the density fluctuations in the axially homogeneous case. Using the continuity equation ͑after radial averaging͒, we find for ӷ1,
If z tӶ(/ប z )(T/T ) 2 , then for all kՇL Ϫ1 , the phase distribution is essentially frozen: k (z,)Ϸ k (z,0). Physically, this condition states that for such a time of flight, the excitations that have significant contributions to the phase fluctuations have not yet been converted into density modulations. This condition is not at all restrictive for typical experimental parameters ͓3,4,15͔, and we suppose it is met in the remainder of the paper.
Using the rescaled wave function from Ref. ͓20͔, together with Eq. ͑9͒, we find the correlation function for the expanding quasicondensate: 
